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Abstract 
Path planning is an important issue as it allows a robot to get from start point to goal point. This work attempts to solve robot path 
planning problem iteratively using numerical technique. It is based on the use of Laplace’s Equation to compute potential function in the 
configuration space of a mobile robot. This paper proposed a block iterative method known as Four Point-Explicit Group via Nine-Point 
Laplacian (4EG9L) for solving robot path planning problem. By employing a finite-difference technique, the experiment shows that it 
able to generate smooth path between the start and goal points. The simulation results show that 4EG9L performs faster than the previous 
method in generating path for mobile robot motion. 
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Nomenclature 
c constant of Dirichlet boundary condition 
U  matrices of each point in the configuration space 
Greek symbols 
w  difference in x or y direction 
:  domain in the configuration space 
Subscripts 
i  horizontal position of the matrices 
j vertical position of the matrices 
1. Main text  
In its most basic form, robot path planning is about finding a collision-free motion from one position to another. Efficient 
algorithms for solving problems of this type have important applications in areas such as: industrial robotics, computer 
animation, drug design, and automated surveillance. It is therefore not surprising that the research activities in this field 
have been steadily increasing over the last two decades. In this paper, we present our work on implementing mobile robot 
path planning via numerical potential function in configuration space based on the theory of heat transfer. The heat transfer 
problem is modeled with Laplace’s equation. Solutions of Laplace's equation are called harmonic functions, which 
consequently represent temperature values in the configuration space to be used for simulation of path generation. Various 
approaches had been used to obtain harmonic functions, but the most common method is via numerical techniques due to 
the availability of fast processing machine and their elegant and efficiency in solving the problem. In this work, several 
experiments were conducted to study the performance of using 4EG9L iterative method for generating mobile robot path in 
several sizes of environment with varying number of obstacles. 
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2. Related Work 
Connolly and Gruppen [1], in their pioneer work it was shown that harmonic functions have a number of properties 
useful in robotic applications. Meanwhile, Khatib [2] utilized the use of potential functions for robot path planning, in which 
every obstacle produces a repelling force and the goal exerts an attractive force. In contrast, the work by Koditschek [3] 
concludes that geometrically at least in certain types of domains, the potential functions can be used to guide the effector 
from almost any point to a given point. All of these potential field methods, however, suffer from the generation of local 
minima. Connolly et al. [4] and Akishita et al. [5], both of them developed independently a global method that generates 
smooth path by using solutions to Laplace’s equations, where the potential fields are computed in a global manner over the 
entire region. In our previous work [6, 7] the potential function is computed by applying block iterative method. The 
simulation results show that block methods perform much faster than the standard Jacobi and Gauss-Seidel iterative 
methods. An algorithm that employs distance transform method for solving path planning problem was reported in [8]. 
Bhattacharya and Gavrilova [9] employ an approach based on Voronoi Diagram. Furthermore, a genetic algorithm based 
approach is reported in [10]. 
3. Methodology 
Mobile robot path planning problem can be modeled as a well-known steady-state heat transfer problem, where heat 
sources come from the boundaries and the heat sink will pull the heat in. This heat conduction process produces a 
temperature distribution and the heat flux lines that are flowing to the sink fill the workspace. In a mobile robot environment 
setup, the goal point is treated as a heat sink whilst the boundary walls and obstacles are considered as heat sources that are 
fixed with constant temperate values. Once the temperature distribution in the field is obtained, it will be used as a guide to 
generate path for mobile robot to move from the start point to the goal point. The idea is to follow the heat flux that will 
flow from high temperature sources to the lowest temperature point in the environment. The temperature distribution of the 
configuration space is computed by employing harmonic function to model the environment setup. Mathematically, a 
harmonic function on a domain nR:  is a function which satisfies Laplace’s equation, in which ix is the i-th Cartesian 
coordinate, and n is the dimension. In the case of robot path construction, the domain : consists of the outer boundary 
walls, all obstacles in the workspace, start points and the goal point. 
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Eq. (1) can be solved efficiently via numerical method, as reported in [11, 12], various block iteration techniques were 
implemented producing impressive performance. In our previous work, Eq. (1) is solved by employing four point block 
iterative method. In this study, faster solver is introduced using four point block iteration technique that employs 9-point 
formula known as 4EG9L. In this model, the robot is represented by a point in the configuration space. The configuration 
space is designed in grid form. The function values associated with each node are then computed iteratively via numerical 
technique to satisfy equation in Eq. (1). The highest temperature is assigned to the start point whereas the goal point is 
assigned the lowest, meanwhile different initial temperature values are assigned to the outer wall boundaries and obstacles. 
Initial temperature values are not required to be assigned to the start points. The solutions to the Laplace’s equation were 
examined with Dirichlet boundary conditions where c is constant. 
 
c :w) |  
Once the potential values of the environment is obtained, the smooth path can be generated by tracing the temperature 
distributing using steepest descent method, where the algorithm follows the negative gradient from the start point through 
successive points with lower temperature till the lowest temperature goal point. 
4. Formulation of Four Point-Explicit Group Via Nine-Point Laplacian (4EG9L) Iterative Method 
In the literature, Jacobi [13] and Gauss-Seidel [4] had been used for solving any linear system. Daily and Bevly [14] 
employ analytical solution for arbitrarily shaped obstacles. In this study, we propose faster numerical solver than in [15] by 
employing Four Point-Explicit Group via Nine-Point Laplacian (4EG9L) iterative method to solve Eq. (1). Previous works 
by Evans [6, 7], Ibrahim [11] and Sulaiman et al. [12] on block iterative methods utilize various points of Explicit Group 
(EG) methods. In these works, they pointed out that the block iterative method is more superior compared to the traditional 
point iterative methods. Our previous work [16] that employs a block iterative method using 9-point formula (also known as 
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9-point Laplacian) instead of the standard 5-point formula produces satisfying results. To show the formulation of Four 
Point-EG, let us consider the two-dimensional Laplace’s equation in Eq. (1) defined as 
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The discretization of Eq. (2) based on the 9-point Laplacian can be shown as below 
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The approximation equation, Eq. (3), is the standard 9-point formula to generate linear system. To examine the 
effectiveness of the 4EG9L iterative method, let us consider a block of four node points as shown in Fig. 1 and defined as 
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Determining the inverse matrix of the coefficient matrix in Eq. (4), the general scheme of the 4EG9L iterative method 
can be written as 
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In order to solve Eq. (5) computationally, it can be rewritten as  
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By imposing computational reduction technique to speed up the computation by reducing repetitive arithmetic 
operations, the implementation of Eq. (6) can be shown as  
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As shown in Eq. (7), with 4EG9L, four node points are computed simultaneously in one loop of iteration, thus the speed 
of computation is improved tremendously. This iterative process stops when there is no change of any node point from one 
loop of iteration to the next, in which the computation with very high precision should avoid the occurrence of flat region in 
the final solution. 
5. Experiments and Results 
The experiment was carried out with various size of static environment, i.e. 40x40, 80x80 and 120x120, that consists of a 
goal point, three starting points and varying number of obstacles (Box, Line, L and T shape objects). Initially, the outer 
boundaries (walls) and obstacles were fixed with high temperature values, whereas the goal point was set to very low 
temperature, and all other free spaces were set to zero temperature value. The iteration process was run on Intel Core 2 Duo 
CPU running at 1.83GHz speed with 1GB of RAM. The iteration process was terminated when the computation converged 
to a specified very small value, i.e. 1.0-10, where there were no more changes in temperature values. The number of 
iterations, maximum error and period in seconds for various numerical techniques are shown in Table I. It was clearly 
shown in Fig. 2 (a) and (b) that 4EG9L iteration performs faster than the various previous methods. Note that the speed of 
computation gets faster as the number of obstacles increases, since nodes occupied by obstacles are ignored during 
computation, see Table II. Once the temperature distributions were obtained, the path was generated by performing steepest 
descent search from the start points to the goal point. The process of generating the paths was very fast. From the current 
point, the algorithm simply picked the lowest temperature value from its eight neighbouring points. This process continues, 
until the generated path reached the goal point. Fig. 3 (a) shows the generated paths in one-obstacle environment, Fig. 3 (b) 
for two-obstacle environment, Fig. 3 (c) for three-obstacle environment and Fig. 3 (d) for four-obstacle environment. For 
visualization purposes as shown in Fig. 3, the boundaries and obstacles temperature values are raised up. As shown in Fig. 
3, the lowest temperature indicates the goal point, whilst all other areas are almost flat due to very small difference in 
temperature values, except for the area close to the goal point. Note that FSGS and 4EG (refer to our previous work in [15, 
16]) iterative methods produced very similar visual to the one-obstacle 4EG9L method as shown in Fig. 3 (a). 
6. Conclusion 
This study shows that solving robot path planning problem using numerical techniques are indeed very attractive and 
feasible due to the recent advanced and new found techniques, as well as the availability of fast machine nowadays. The 
proposed 4EG9L iterative method performs significantly faster than to the previous two methods [15, 16], i.e. FSGS and 
4EG. 
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Figure 1: Illustration of a block of four node points to be considered for 4 Point-EG method via 9-point Laplacian. 
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(b) 
 Figure 2: (a) Number of iterations against size of environment for various iterative methods. (b) Performance of 4EG9L iterative method; Graph of the 
number of iterations against size of environments in varying number of obstacles setup. 
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Table 1. (Experiment 1) Performance comparison  of the three numerical techniques with 1 obstacle. 
 
 
 
Size of environment 
40x40 80x80 120x120 
Number of iterations 
 FSGS 2,379 8,857 18,943 
 4EG 1,243 4,638 9,967 
 4EG9L 872 1,879 2,554 
Maximum error 
 FSGS 0.9988-10 0.9997-10 0.9996-10 
 4EG 0.9915-10 0.9991-10 0.9987-10 
 4EG9L 0.9962-10 0.9968-10 0.9935-10 
Period in seconds 
 FSGS 1.83 26.1 160.7 
 4EG 0.88 12.6 61.6 
 4EG9L 0.67 5.5 16.7 
 
Table 2. (Experiment 2). Performance of 4EG9L with varying number of obstacles. 
Number 
of 
obstacles 
Size of environment 
40x40 80x80 120x120 
Number of iterations 
1 872 1,879 2,554 
2 815 1,799 2,463 
3 654 1,566 2,252 
4 607 1,495 2,189 
Maximum error 
1 0.9962-10 0.9968-10 0.9935-10 
2 0.9909-10 0.9913-10 0.9937-10 
3 0.9940-10 0.9954-10 0.9991-10 
4 0.9893-10 0.9962-10 0.9928-10 
Period in seconds 
1 0.67 5.5 16.7 
2 0.66 5.3 16.3 
3 0.55 4.6 14.7 
4 0.50 4.5 14.6 
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Figure 4: The paths generated with 4EG9L.  (a) One obstacle; (b) Two obstacles; (c) Three obstacles; (d) Four obstacles. 
 
 
